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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
In recent decades, with the increasing attention to the carbon emission problem and shortage of energy, the development of 
lightweight metallic materials with Hexagonal closed packed (HCP) crystal structures, such as magnesium and titanium alloys, 
has become an important topic of research. The study and prediction of their mechanical behavior has become increasingly more 
important and has attracted growing interest in both academic and industrial communities. Metallic materials with a Hexagonal 
closed p ked (HCP) crystallographic microstructure have an unconventional mechanical behavior including an anisotropic 
plastic response and a strength differential effect (SD) in tension and compression. This behavior poses considerable challenges 
that are intensified in the presence of microstructural da age processes.  
In this contribution, a fully coupled continuum damage model with elasto-plastic Cazacu’s orthotropic plasticity criterion has 
been implemented. The coupling between damaging and material behaviour is accounted for within the framework of Continuum 
Damage Mechanics (CDM). The closest point projection methods (CPPM) are used to implement the continuum damage 
constitutive model in an implicit quasi-static finite element environment to update stress and state variables. Finite element 
simulation of damage evolution and fracture initiation in ductile solids is investigated. The results obtained are compared against 
both numerical and experimental results available in the literature and good agreement is found between them. 
© 2016 The Authors. Published by Elsevier B.V. 
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1. Introduction 
In an effort to improve the fuel efficiency for saving energy, an efficient way for reducing eventually the climate-
changing CO2 emissions is provided by the application of lightweight materials to reduce the overall weight of 
vehicles in the defense applications, aerospace, and automotive industries etc (Ian Polmear, 2005). Although 
composites, particularly those being fiber-reinforced, are currently being heavily investigated and developed for that 
purpose, lightweight metals such as titanium alloy and magnesium alloy remain the most frequently made choices 
due in part to their low density and high specific strength (Khan, 2007; Nixon, 2010). Most of these components 
were produced by metal forming process. In the design early stages, the correct prediction of damage and fracture in 
these ductile metallic materials has become an issue of great importance for metal forming industries. A large 
number of mathematical models have been formulated to describe the mechanical behavior of macro and 
microscopic ductile damage in metallic materials. A classification can be made based on the interaction between the 
damage model and the material behavior (Leon, 2001; Wohua Zhang, 2009). Generally, these damage models can be 
categorized into uncoupled and coupled, based on the material flow behavior and damage evolution in the field of 
continuum mechanics. The uncoupled model is a kind of posteriori damage criteria to calculate the damage 
distribution without taking into account its effect on the other thermomechanical fields. Damage accumulation is 
formulated empirically or semi-empirically to calculate the damage distribution using the stress and strain fields at 
each of finite element step. The typical these uncoupled damage model include Oyane (1980) ductile fracture 
criteria, Cockroft and Latham (1968), Rice and Tracey (1969) etc. Although the uncoupled damage criteria is easily 
implemented in any numerical code, The uncoupled criteria neglect the effects of damage on the yield surface of the 
material, accordingly, it is important to use fully coupled constitutive equations accounting for the damage influence 
of all the mechanical fields according to the appropriated coupling theory. This will be helpful for the damage 
initiation and growth during some bulk and sheet metal forming processes as forging, deep drawing. It is worth 
noting that, taking into account the ductile damage in metal forming necessitates not only the availability of the 
damage evolution equations, but also its effect (or coupling) on the other mechanical fields under concern. Within 
the coupled damage models, Gurson (1977) and Needleman (1984) conducted an upper bound analysis of simplified 
models containing voids. Hence, only the effect of the ductile damage on the plastic behaviour is taken into account, 
leaving the elastic stiffness completely insensitive to the damage occurrence. After that, based on Continuum 
Damage Mechanics (CDM), Lemaitre (1985)assume that damage refers to the loss of mechanical stiffness and treat 
damage evolution in a macroscopic and phenomenological way by introducing an internal variable D to quantify the 
microscopic material degradation. Pires (2003) et al extends the Lemaitre’s model by considering the damage 
closure. Filipe (2009) et al study the mesh dependent and propose an integral non-local continuum damage model. 
The improvement of numerical simulations of industrial forming processes also requires reliable constitutive 
models and damage criteria. The ability to predict orthotropic material failure entirely depends on how accurately the 
selected material model can replicate the actual material behaviour. However, their Hexagonal Closed Packed (HCP) 
crystallographic structure promotes a very different mechanical behavior when compared to other metals with FCC 
and BCC structures, such as steel, aluminum etc. At room temperature, materials with HCP crystal structure show a 
strong anisotropy and asymmetrical tension-compression strength.  The commonly used phenomenological yield 
functions such as Hill (1948) Barlat and Lian (1989), et al, fail to capture this unconventional mechanical behavior. 
Cazacu et al. (2006) have proposed generic yield criteria, by using the transformed principal stress with a 4th-order 
linear transformation operator on the Cauchy stress tensor, to account for the initial plastic anisotropy and SD effect 
simultaneously.   
In order to determine the state of deformation and damage in materials with tension-compression asymmetry, in 
this contribution, an anisotropic plastic continuum damage constitutive model is extended. Cazacu’s orthotropic 
yield criterion is used to replace the original isotropic von Mises yield function to describe the material plastic 
anisotropy. Then the Lemaitre’s continuum damage formulation coupled with Cazacu06 yield criterion was 
implemented using a primal Closest Point Projection Method (CPPM) within an implicit quasi-static finite element 
environment. The influence of damage parameters on the mechanical behaviors was also evaluated. 
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2. Formulation of continuum damage mechanics model 
2.1. Cazacu model 
To order to take both the asymmetry between tension and compression and the anisotropy observed in HCP metal 
sheets into account, the phenomenological orthotropic yield criterion CPB06 proposed by Cazacu et al. (2006), was 
selected in this study. This model extends the isotropic criterion to orthotropic by introducing an asymmetrical 
material parameter and a linear transformation matrix. The final model is expressed as 
where 𝑘𝑘 is a parameter which takes into account the strength differential effect (SD), a is the degree of homogeneity, 
𝛴𝛴1, Σ2, 𝛴𝛴3 are the principal values of 𝜮𝜮, which is defined by 𝚺𝚺 = 𝐋𝐋𝑺𝑺.  
Let (𝑥𝑥, 𝑦𝑦, 𝑧𝑧) be the reference frame associated with orthotropy. In the case of a sheet, 𝑥𝑥, 𝑦𝑦 and 𝑧𝑧 represent the 
rolling, transverse, and the normal directions. Relative to the orthotropy axes (𝑥𝑥, 𝑦𝑦, 𝑧𝑧), the tensor 𝐋𝐋 is represent by 
𝐋𝐋 =
[
 
 
 
 
 
𝐿𝐿11 𝐿𝐿12 𝐿𝐿13
𝐿𝐿12 𝐿𝐿22 𝐿𝐿23
𝐿𝐿13 𝐿𝐿23 𝐿𝐿33
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
𝐿𝐿44 0 0
0 𝐿𝐿55 0
0 0 𝐿𝐿66]
 
 
 
 
 
. (2)  
It is worth noting that although the transformed tensor is not deviatoric, the orthotropic criterion is insensitive to 
hydrostatic pressure and thus the condition of plastic incompressibility is satisfied.  
2.2. Coupled Lemaitre’s damage Constitutive formulation 
The Lemaitre damage model is a fully coupled elasto-plasticity-damage model, which is based on the concept of 
effective stress and the hypothesis of strain equivalence in the thermodynamic theoretical framework. It includes 
evolution of internal damage as well as nonlinear isotropic hardening and has been extensively used in the 
prediction of internal damage and failure in ductile metals (Lemaitre, 2005; Pires, 2003, Souza Neto, 2008).  
Under the hypothesis of decoupling between elasticity–damage and plastic hardening, the specific free energy is 
assumed to be given by the sum 
𝜓𝜓 = 𝜓𝜓𝑒𝑒𝑒𝑒(𝜺𝜺𝑒𝑒, 𝐷𝐷) + 𝜓𝜓𝑝𝑝(𝑅𝑅) (3)  
where 𝜓𝜓𝑒𝑒𝑒𝑒 and 𝜓𝜓𝑝𝑝 are respectively, the elastic-damage and plastic contribution to the free energy. 𝐷𝐷 is continuum 
damage variable, which can be interpreted as an indirect measure of density of microvoids and microcracks. 
The elastic-damage potential was postulated as  
?̅?𝜌𝜓𝜓𝑒𝑒𝑒𝑒(𝜺𝜺𝑒𝑒, 𝐷𝐷) =
1
2
𝜺𝜺𝑒𝑒: (1 − 𝐷𝐷)𝐄𝐄𝑒𝑒: 𝜺𝜺𝑒𝑒 (4)  
where 𝐄𝐄e is the standard isotropic elasticity tensor.   
By assuming homogeneous distribution of microvoids and the hypothesis of strain equivalence, the effective 
stress tensor can represented as 
𝝈𝝈𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐄𝐄
𝑒𝑒: 𝜺𝜺𝑒𝑒 =
𝝈𝝈
1 − 𝐷𝐷
 (5)  
where 𝝈𝝈𝑒𝑒𝑒𝑒𝑒𝑒 is the effective stress tensor. 𝝈𝝈 is the stress tensor for the undamaged material, in addition, the damage 
variable, 𝐷𝐷, can assume values between 0 (undamaged state) and 1 (rupture).  
The thermodynamic forces conjugated with damage and isotropic hardening internal variable are obtained, 
respectively, by performing the derivative of the elastic-damage contribution, ?̅?𝜌𝜓𝜓𝑒𝑒𝑒𝑒(𝜺𝜺𝑒𝑒, 𝐷𝐷) , with regard to the 
damage variable, 𝐷𝐷, and with regard to the isotropic harndening variable, 𝑅𝑅, respectively.  
The damage energy release rate, -Y, corresponds to the variation of internal energy density due to damage growth 
at constant stress state. The damage strain energy release rate conjugate to the damage internal variable is given by    
𝜎𝜎𝑒𝑒𝑒𝑒 = [(|𝜮𝜮1| − 𝑘𝑘𝜮𝜮1)
𝑎𝑎+(|𝜮𝜮2| − 𝑘𝑘𝜮𝜮2)
𝑎𝑎 + (|𝜮𝜮3| − 𝑘𝑘𝜮𝜮3)
𝑎𝑎]1/𝑎𝑎  (1)  
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𝑌𝑌 ≡ ?̅?𝜌
𝜕𝜕𝜓𝜓𝑒𝑒𝑒𝑒
𝜕𝜕𝜕𝜕
= −
1
2
𝜺𝜺𝑒𝑒: 𝐄𝐄𝑒𝑒: 𝜺𝜺𝑒𝑒. (6)  
The plastic contribution 𝜓𝜓𝑝𝑝(𝑅𝑅) to the free energy is chosen as a sum of an isotropic hardening-related term, 
𝜓𝜓𝑝𝑝(𝑅𝑅), is an arbitrary function of the single argument 𝑅𝑅. The thermodynamical force associated with isotropic 
hardening is, then, defined as 
𝜅𝜅 = ?̅?𝜌
𝜕𝜕𝜓𝜓𝑝𝑝(𝑅𝑅) 
𝜕𝜕𝑅𝑅
. (7)  
The evolution equation for internal variable can be derived by assuming the existence of a potential of 
dissipiation, 𝜓𝜓. It can be written as 
𝜓𝜓 = 𝛷𝛷 +
𝑟𝑟
(1−𝜕𝜕)(𝑠𝑠+1)
(
−𝑌𝑌
𝑟𝑟
)𝑠𝑠+1. (8)  
for a process accounting for isotropic hardening and damage, where r and s are damage parameters, Φ is the yield 
function. The damage evolution constants 𝑟𝑟 and 𝑠𝑠 can be identified by integrating the damage evolution law for 
particular cases of (constant) stress triaxiality rate. The convexity of the flow potential 𝜓𝜓  with respect to the 
thermodynamical forces for positive constants 𝑟𝑟 and 𝑠𝑠 ensures that the dissipation inequality is satisfied a priori by 
the present constitutive model.  
For the yield function Φ, the Cazacu’s yield formulation is adopted. Since the effective stress 𝜎𝜎𝑒𝑒𝑒𝑒  is the first 
order homogeneous function in stresses The final yield function Φ describing the mechanical behavior can be shown 
as follows, 
𝛷𝛷(𝜎𝜎, 𝑅𝑅, 𝐷𝐷) =
𝜎𝜎𝑒𝑒𝑒𝑒
1 − 𝐷𝐷
− 𝜎𝜎𝑌𝑌(𝑅𝑅) (9)  
where, 𝜎𝜎𝑒𝑒𝑒𝑒  is the equivalent yield stress, The phenomenon of hardening describes the changes in yield stress that 
result from plastic straining and the flow stress, 𝜎𝜎𝑌𝑌, represents the size of the yield function during deformation. 
By the hypothesis of generalized normality, the plastic flow equation and the evolution law of the internal 
variables are given as follows respectively, 
?̇?𝜺𝑝𝑝 = ?̇?𝛾
𝜕𝜕𝛷𝛷
𝜕𝜕𝝈𝝈
= ?̇?𝛾?̃?𝑵 (10)  
?̇?𝑅 = ?̇?𝛾 (11)  
?̇?𝐷 = ?̇?𝛾
?̂?𝐻( 𝜀𝜀
𝑝𝑝
−  𝜀𝜀𝜕𝜕
𝑝𝑝
)
1 − 𝐷𝐷
(
−𝑌𝑌
𝑟𝑟
)𝑠𝑠 (12)  
where γ̇  is the plastic multiplier. ?̂?𝐻 here denotes the Heaviside step function. 𝜀𝜀𝜕𝜕
𝑝𝑝  represent threshold value for 
damage growth. 
The loading-unloading conditions can be expressed in Kuhn-Tuckner form as  
𝛷𝛷 ≤ 0, ?̇?𝛾 ≥ 0, ?̇?𝛾𝛷𝛷 = 0 (13)  
3. Numerical implementation  
In this section, the numerical solution strategy adopted to perform numerical simulations briefly reviewed. The 
algorithm developed is based on operator split methodology which is especially suitable for numerical integration of 
the evolution problem and have been widely used in computational plasticity. A fully implicit elastic predictor 
return mapping algorithm for this coupled Lemaitre’s damage model, which is called Closest Point Projection 
Method (CPPM), is implemented within an implicit quasi-static finite element environment. Within a pseudo-time 
interval [tn, tn+1], given the incremental strain ∆ε, and the constitutive variable of εn
p, σn, εn
p,Rn and Dn at time tn, 
The numerical integration algorithm of constitutive equations is typically carried out by means of the so-called 
elastic predictor return mapping schemes to obtain the updated values at the end of the interval, εn+1
p ,  σn+1 , 
εn+1
p ,Rn+1 and Dn+1. Considering a typical finite element framework, the material points correspond to the Gauss 
integration points. 
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hardening is, then, defined as 
𝜅𝜅 = ?̅?𝜌
𝜕𝜕𝜓𝜓𝑝𝑝(𝑅𝑅) 
𝜕𝜕𝑅𝑅
. (7)  
The evolution equation for internal variable can be derived by assuming the existence of a potential of 
dissipiation, 𝜓𝜓. It can be written as 
𝜓𝜓 = 𝛷𝛷 +
𝑟𝑟
(1−𝜕𝜕)(𝑠𝑠+1)
(
−𝑌𝑌
𝑟𝑟
)𝑠𝑠+1. (8)  
for a process accounting for isotropic hardening and damage, where r and s are damage parameters, Φ is the yield 
function. The damage evolution constants 𝑟𝑟 and 𝑠𝑠 can be identified by integrating the damage evolution law for 
particular cases of (constant) stress triaxiality rate. The convexity of the flow potential 𝜓𝜓  with respect to the 
thermodynamical forces for positive constants 𝑟𝑟 and 𝑠𝑠 ensures that the dissipation inequality is satisfied a priori by 
the present constitutive model.  
For the yield function Φ, the Cazacu’s yield formulation is adopted. Since the effective stress 𝜎𝜎𝑒𝑒𝑒𝑒  is the first 
order homogeneous function in stresses The final yield function Φ describing the mechanical behavior can be shown 
as follows, 
𝛷𝛷(𝜎𝜎, 𝑅𝑅, 𝐷𝐷) =
𝜎𝜎𝑒𝑒𝑒𝑒
1 − 𝐷𝐷
− 𝜎𝜎𝑌𝑌(𝑅𝑅) (9)  
where, 𝜎𝜎𝑒𝑒𝑒𝑒  is the equivalent yield stress, The phenomenon of hardening describes the changes in yield stress that 
result from plastic straining and the flow stress, 𝜎𝜎𝑌𝑌, represents the size of the yield function during deformation. 
By the hypothesis of generalized normality, the plastic flow equation and the evolution law of the internal 
variables are given as follows respectively, 
?̇?𝜺𝑝𝑝 = ?̇?𝛾
𝜕𝜕𝛷𝛷
𝜕𝜕𝝈𝝈
= ?̇?𝛾?̃?𝑵 (10)  
?̇?𝑅 = ?̇?𝛾 (11)  
?̇?𝐷 = ?̇?𝛾
?̂?𝐻( 𝜀𝜀
𝑝𝑝
−  𝜀𝜀𝜕𝜕
𝑝𝑝
)
1 − 𝐷𝐷
(
−𝑌𝑌
𝑟𝑟
)𝑠𝑠 (12)  
where γ̇  is the plastic multiplier. ?̂?𝐻 here denotes the Heaviside step function. 𝜀𝜀𝜕𝜕
𝑝𝑝  represent threshold value for 
damage growth. 
The loading-unloading conditions can be expressed in Kuhn-Tuckner form as  
𝛷𝛷 ≤ 0, ?̇?𝛾 ≥ 0, ?̇?𝛾𝛷𝛷 = 0 (13)  
3. Numerical implementation  
In this section, the numerical solution strategy adopted to perform numerical simulations briefly reviewed. The 
algorithm developed is based on operator split methodology which is especially suitable for numerical integration of 
the evolution problem and have been widely used in computational plasticity. A fully implicit elastic predictor 
return mapping algorithm for this coupled Lemaitre’s damage model, which is called Closest Point Projection 
Method (CPPM), is implemented within an implicit quasi-static finite element environment. Within a pseudo-time 
interval [tn, tn+1], given the incremental strain ∆ε, and the constitutive variable of εn
p, σn, εn
p,Rn and Dn at time tn, 
The numerical integration algorithm of constitutive equations is typically carried out by means of the so-called 
elastic predictor return mapping schemes to obtain the updated values at the end of the interval, εn+1
p ,  σn+1 , 
εn+1
p ,Rn+1 and Dn+1. Considering a typical finite element framework, the material points correspond to the Gauss 
integration points. 
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3.1. Stress update procedure 
(i) Elastic predictor 
The material is assumed to behave purely elastically at current time interval, the state variables at tn, when the 
total strain increment ∆ε are given. Thus, the elastic trial state can be evaluated as 
𝜺𝜺𝑛𝑛+1
𝑒𝑒   𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ≔ 𝜺𝜺𝑛𝑛 + ∆𝜺𝜺;   𝝈𝝈𝑛𝑛+1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ≔ (1 − 𝐷𝐷𝑛𝑛)𝐄𝐄𝑒𝑒: 𝜺𝜺𝑛𝑛+1𝑒𝑒   𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡;  𝐷𝐷𝑛𝑛+1 = 𝐷𝐷𝑛𝑛;   𝑅𝑅𝑛𝑛+1 = 𝑅𝑅𝑛𝑛 
𝜮𝜮𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝐋𝐋𝑺𝑺𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡; 𝐽𝐽2 𝑛𝑛+10 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
1
2
𝑡𝑡𝑡𝑡 (𝜮𝜮𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡2); 
𝐽𝐽3 𝑛𝑛+1
0 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
1
3
𝑡𝑡𝑡𝑡(𝜮𝜮𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡3); 𝛴𝛴1𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 2𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)√
𝐽𝐽2 𝑛𝑛+1
0 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
3
+
𝑃𝑃𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
3
; 
𝛴𝛴2
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 2𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃1 −
2𝜋𝜋
3
)√
𝐽𝐽2 𝑛𝑛+1
0 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
3
+
𝑃𝑃𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
3
; 𝛴𝛴3𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 2𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃1 +
2𝜋𝜋
3
)√
𝐽𝐽2 𝑛𝑛+1
0 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
3
+
𝑃𝑃𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
3
;  
𝜎𝜎𝑒𝑒𝑒𝑒 𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = [(|𝛴𝛴1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡| − 𝑘𝑘𝛴𝛴1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)
𝑡𝑡
+ (|𝛴𝛴2
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡| − 𝑘𝑘𝛴𝛴2
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)
𝑡𝑡
+ (|𝛴𝛴3
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡| − 𝑘𝑘𝛴𝛴3
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)
𝑡𝑡
]
1/𝑡𝑡
. 
(14)  
(ii) Check plastic admissibility 
This step is to check whether the trial state lies inside or outside the yield surface. If the yield function 
Φtrial ≔
σeq
trial
1−Dn
− σY(Rn) ≤ 0  . (15)  
then the process is indeed within elastic domain at the current interval. The final states is equal to the trial state, 
which can be updated by 
(∗)𝑛𝑛+1 = (∗)𝑛𝑛+1
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 . (16)  
otherwise, the elastic trial state is out of the elastic domain, it is necessary to apply return mapping algorithm to 
obtain all the required variables at time tn+1, whose derivation is briefly summarized in the flowing sub-section. 
(iii) Return mapping algorithm 
Following standard procedure of elastic predictor/return mapping schemes, the coupled Lemaitre’s constitutive 
model can be written in its (pseudo) time-discretized version by the following system of equations 
{
 
 
 
 𝜺𝜺𝑛𝑛+1
𝑒𝑒   − 𝜺𝜺𝑛𝑛+1
𝑒𝑒   𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + ∆𝛾𝛾?̃?𝑵𝑛𝑛+1
𝐷𝐷𝑛𝑛+1 − 𝐷𝐷𝑛𝑛 −
∆𝛾𝛾
1−𝐷𝐷𝑛𝑛+1
(
−𝑌𝑌𝑛𝑛+1
𝑡𝑡
)𝑠𝑠
𝜎𝜎𝑒𝑒𝑒𝑒
1−𝐷𝐷𝑛𝑛+1
− 𝜎𝜎𝑌𝑌(𝑅𝑅𝑛𝑛 + ∆𝛾𝛾)
}
 
 
 
 
= {
𝟎𝟎
0
0
}. (17)  
The system of equations represented above is fully coupled and highly non-linear. The Newton-Raphson method 
(N-R) is considered as an efficient methods and used here to solve this non-linear equation systems. The residual 
equations based on the plastic corrected methods can be written as  
{
 
 
 
 𝒓𝒓𝝈𝝈 = 𝜺𝜺𝑛𝑛+1
𝑒𝑒 − 𝜺𝜺𝑛𝑛+1
𝑒𝑒 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + ∆𝛾𝛾?̃?𝑵𝑛𝑛+1
𝑡𝑡𝐷𝐷 = 𝐷𝐷𝑛𝑛+1 − 𝐷𝐷𝑛𝑛 −
∆𝛾𝛾
1−𝐷𝐷𝑛𝑛+1
(
−𝑌𝑌
𝑡𝑡
)
𝑠𝑠
𝑡𝑡Δ𝛾𝛾 =
𝜎𝜎𝑒𝑒𝑒𝑒
1−𝐷𝐷𝑛𝑛+1
− 𝜎𝜎𝑌𝑌(𝑅𝑅𝑛𝑛+1)
. (18)  
After perform the linearization and some algebraic manipulations, we can obtained the nonlinear system 
equations in the linearized form, 
[
 
 
 
 
𝜕𝜕𝒓𝒓𝝈𝝈
𝜕𝜕𝝈𝝈𝑛𝑛+1
𝜕𝜕𝒓𝒓𝝈𝝈
𝜕𝜕∆𝛾𝛾𝑛𝑛+1
𝜕𝜕𝒓𝒓𝝈𝝈
𝜕𝜕𝐷𝐷𝑛𝑛+1
𝜕𝜕𝑡𝑡𝐷𝐷
𝜕𝜕𝝈𝝈𝑛𝑛+1
𝜕𝜕𝑡𝑡𝐷𝐷
𝜕𝜕∆𝛾𝛾𝑛𝑛+1
𝜕𝜕𝑡𝑡𝐷𝐷
𝜕𝜕𝐷𝐷𝑛𝑛+1
𝜕𝜕𝑡𝑡Δ𝛾𝛾
𝜕𝜕𝝈𝝈𝑛𝑛+1
𝜕𝜕𝑡𝑡Δ𝛾𝛾
𝜕𝜕∆𝛾𝛾𝑛𝑛+1
𝜕𝜕𝑡𝑡Δ𝛾𝛾
𝜕𝜕𝐷𝐷𝑛𝑛+1]
 
 
 
 
𝑘𝑘
[
𝛿𝛿𝝈𝝈𝑛𝑛+1
𝛿𝛿∆𝛾𝛾𝑛𝑛+1
𝛿𝛿𝐷𝐷𝑛𝑛+1
]
𝑘𝑘+1
= −[
𝒓𝒓𝝈𝝈(𝝈𝝈𝑛𝑛+1, ∆𝛾𝛾𝑛𝑛+1,𝐷𝐷𝑛𝑛+1)
𝑡𝑡𝐷𝐷(𝝈𝝈𝑛𝑛+1, ∆𝛾𝛾𝑛𝑛+1,𝐷𝐷𝑛𝑛+1)
𝑡𝑡Δ𝛾𝛾(𝝈𝝈𝑛𝑛+1, ∆𝛾𝛾𝑛𝑛+1, 𝐷𝐷𝑛𝑛+1)
]
𝑘𝑘
. (19)  
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Then an iterative process is used to update the variables until the above nonlinear system equations converged. 
Once the solution of these problem is obtained, we can use the 𝝈𝝈𝑛𝑛+1 , ∆𝛾𝛾𝑛𝑛+1 , 𝐷𝐷𝑛𝑛+1  to calculate the other state 
variables need to be updated, such as 𝑅𝑅𝑛𝑛+1, 𝜀𝜀𝑛𝑛+1
𝑝𝑝 , 𝜺𝜺𝑛𝑛+1𝑒𝑒 , and 𝜺𝜺𝑛𝑛+1
𝑝𝑝 . 
3.2. Consistent tangent stiffness 
In order to obtain quadratic convergence within an implicit finite element environment, the tangent operator 
consistent with the general algorithm is needed to assemble the tangent stiffness matrix. The fourth-order tensor can 
be obtained by computing the derivative of the updated stress tensor 𝝈𝝈𝑛𝑛+1 with respect to the final strain𝜺𝜺𝑛𝑛+1. when 
the outcome {𝝈𝝈𝑛𝑛+1, 𝑅𝑅𝑛𝑛+1, 𝐷𝐷𝑛𝑛+1} of the integration algorithm lies inside the elastic domain (𝛷𝛷𝑛𝑛+1 < 0) then the 
consistent tangent operator is simply given by 
𝐄𝐄 = (𝟏𝟏 − 𝐷𝐷𝑛𝑛+1)𝐄𝐄
𝑒𝑒 (20)  
Otherwise, the coupled continuum damage constitutive consistent tangent operator has to be derived by 
consistently linearizing the plastic return-mapping algorithm under plastic flow. The finalclosed form for the plastic 
tangent operator can be expressed by  
𝐄𝐄 = {
𝐄𝐄𝐞𝐞
−1
+∆𝛾𝛾
𝜕𝜕2𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝝈𝝈2
1−𝐷𝐷
+
(1−𝐷𝐷)(
𝜕𝜕𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝝈𝝈
+∆𝛾𝛾
𝜕𝜕2𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝝈𝝈𝜕𝜕𝑅𝑅
)⊗𝑨𝑨𝟏𝟏−(𝐄𝐄𝐞𝐞
−1
:𝝈𝝈+∆𝛾𝛾
𝜕𝜕𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝝈𝝈
)⊗𝑨𝑨𝑨𝑨
𝐴𝐴3(1−𝐷𝐷)2
}
−𝟏𝟏
. (21)  
where  
𝐴𝐴1 =
∆𝛾𝛾𝛾𝛾𝜎𝜎𝑒𝑒𝑒𝑒
𝑟𝑟(1−𝐷𝐷)3
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾−1 𝜕𝜕𝑌𝑌
𝜕𝜕𝜎𝜎
−
1
1−𝐷𝐷
[1 −
∆𝛾𝛾
(1−𝐷𝐷)2
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾
+
∆𝛾𝛾𝛾𝛾
𝑟𝑟(1−𝐷𝐷)
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾−1 𝜕𝜕𝑌𝑌
𝜕𝜕𝐷𝐷
]
𝜕𝜕𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝜎𝜎
Ǣ
𝐴𝐴2 = −
∆𝛾𝛾𝛾𝛾
𝑟𝑟(1−𝐷𝐷)
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾−1 𝜕𝜕𝜎𝜎𝑌𝑌
𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌
𝜕𝜕𝜎𝜎
+
1
(1−𝐷𝐷)2
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾 𝜕𝜕𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝜎𝜎
Ǣ
𝐴𝐴3 = − [1 −
∆𝛾𝛾
(1−𝐷𝐷)2
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾
+
∆𝛾𝛾𝛾𝛾
𝑟𝑟(1−𝐷𝐷)
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾−1 𝜕𝜕𝑌𝑌
𝜕𝜕𝐷𝐷
]
𝜕𝜕𝜎𝜎𝑌𝑌
𝜕𝜕𝜕𝜕
+
𝜎𝜎𝑒𝑒𝑒𝑒
(1−𝐷𝐷)3
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾
Ǥ 
(22)  
4. Results and discussion 
Some numerical examples are presented to verify the implementation of the proposed coupled continuum damage 
constitutive model. Damage behavior of titanium alloy Ti-6al-4V is investigated because of its vast applications in 
aerospace, automotive, medical devices, and sports equipment etc. it also represents a typical tension-compression 
asymmetrical mechanical behavior. The material parameters and damage parameters (Allahverdizadeh, 2012) was 
shown Table 1. The coefficients evolution for the Cazacu yield criteria have been obtained from the paper 
(Tuninetti, 2015), and are listed in Table 2. 
Table 1: Material parameters of Ti-6Al-4V. 
Young’s modulus E 
(GPa) 
Poisson’s 
ratio 𝜈𝜈 
Damage parameter 
𝑠𝑠 
Damage parameter 
𝑟𝑟 
𝜎𝜎𝑌𝑌 = 𝐴𝐴 + 𝐵𝐵 [1 − 𝑒𝑒
−𝐶𝐶𝜀𝜀
𝑝𝑝
] 
𝐴𝐴 𝐵𝐵 𝐶𝐶 
110 0.32 1.0 2.52 921.0 160.0 15.48 
Table 2: Coefficients of CPB06 yield function for Ti6Al4V for 5 plastic levels (a=2) 
𝜀𝜀
𝑝𝑝 𝑊𝑊𝑝𝑝 𝑘𝑘 𝐶𝐶11 𝐶𝐶12 𝐶𝐶13 𝐶𝐶22 𝐶𝐶23 𝐶𝐶33 𝐶𝐶44 = 𝐶𝐶55 = 𝐶𝐶66 
0.0015 1.857 -0.136 1.0 -2.373 -2.364 -1.838 1.196 -2.444 -3.607 
0.0076 9.377 -0.136 1.0 -2.495 -2.928 -2.283 1.284 -2.446 4.015 
0.0406 48.66 -0.165 1.0 -2.428 -2.920 1.652 -2.236 1.003 -3.996 
0.0857 100.2 -0.164 1.0 -2.573 -2.875 1.388 -2.385 0.882 -3.926 
0.1821 206.6 -0.180 1.0 -2.973 -2.927 0.534 -2.963 0.436 -3.883 
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Then an iterative process is used to update the variables until the above nonlinear system equations converged. 
Once the solution of these problem is obtained, we can use the 𝝈𝝈𝑛𝑛+1 , ∆𝛾𝛾𝑛𝑛+1 , 𝐷𝐷𝑛𝑛+1  to calculate the other state 
variables need to be updated, such as 𝑅𝑅𝑛𝑛+1, 𝜀𝜀𝑛𝑛+1
𝑝𝑝 , 𝜺𝜺𝑛𝑛+1𝑒𝑒 , and 𝜺𝜺𝑛𝑛+1
𝑝𝑝 . 
3.2. Consistent tangent stiffness 
In order to obtain quadratic convergence within an implicit finite element environment, the tangent operator 
consistent with the general algorithm is needed to assemble the tangent stiffness matrix. The fourth-order tensor can 
be obtained by computing the derivative of the updated stress tensor 𝝈𝝈𝑛𝑛+1 with respect to the final strain𝜺𝜺𝑛𝑛+1. when 
the outcome {𝝈𝝈𝑛𝑛+1, 𝑅𝑅𝑛𝑛+1, 𝐷𝐷𝑛𝑛+1} of the integration algorithm lies inside the elastic domain (𝛷𝛷𝑛𝑛+1 < 0) then the 
consistent tangent operator is simply given by 
𝐄𝐄 = (𝟏𝟏 − 𝐷𝐷𝑛𝑛+1)𝐄𝐄
𝑒𝑒 (20)  
Otherwise, the coupled continuum damage constitutive consistent tangent operator has to be derived by 
consistently linearizing the plastic return-mapping algorithm under plastic flow. The finalclosed form for the plastic 
tangent operator can be expressed by  
𝐄𝐄 = {
𝐄𝐄𝐞𝐞
−1
+∆𝛾𝛾
𝜕𝜕2𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝝈𝝈2
1−𝐷𝐷
+
(1−𝐷𝐷)(
𝜕𝜕𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝝈𝝈
+∆𝛾𝛾
𝜕𝜕2𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝝈𝝈𝜕𝜕𝑅𝑅
)⊗𝑨𝑨𝟏𝟏−(𝐄𝐄𝐞𝐞
−1
:𝝈𝝈+∆𝛾𝛾
𝜕𝜕𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝝈𝝈
)⊗𝑨𝑨𝑨𝑨
𝐴𝐴3(1−𝐷𝐷)2
}
−𝟏𝟏
. (21)  
where  
𝐴𝐴1 =
∆𝛾𝛾𝛾𝛾𝜎𝜎𝑒𝑒𝑒𝑒
𝑟𝑟(1−𝐷𝐷)3
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾−1 𝜕𝜕𝑌𝑌
𝜕𝜕𝜎𝜎
−
1
1−𝐷𝐷
[1 −
∆𝛾𝛾
(1−𝐷𝐷)2
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾
+
∆𝛾𝛾𝛾𝛾
𝑟𝑟(1−𝐷𝐷)
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾−1 𝜕𝜕𝑌𝑌
𝜕𝜕𝐷𝐷
]
𝜕𝜕𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝜎𝜎
Ǣ
𝐴𝐴2 = −
∆𝛾𝛾𝛾𝛾
𝑟𝑟(1−𝐷𝐷)
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾−1 𝜕𝜕𝜎𝜎𝑌𝑌
𝜕𝜕𝜕𝜕
𝜕𝜕𝑌𝑌
𝜕𝜕𝜎𝜎
+
1
(1−𝐷𝐷)2
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾 𝜕𝜕𝜎𝜎𝑒𝑒𝑒𝑒
𝜕𝜕𝜎𝜎
Ǣ
𝐴𝐴3 = − [1 −
∆𝛾𝛾
(1−𝐷𝐷)2
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾
+
∆𝛾𝛾𝛾𝛾
𝑟𝑟(1−𝐷𝐷)
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾−1 𝜕𝜕𝑌𝑌
𝜕𝜕𝐷𝐷
]
𝜕𝜕𝜎𝜎𝑌𝑌
𝜕𝜕𝜕𝜕
+
𝜎𝜎𝑒𝑒𝑒𝑒
(1−𝐷𝐷)3
(−
𝑌𝑌
𝑟𝑟
)
𝛾𝛾
Ǥ 
(22)  
4. Results and discussion 
Some numerical examples are presented to verify the implementation of the proposed coupled continuum damage 
constitutive model. Damage behavior of titanium alloy Ti-6al-4V is investigated because of its vast applications in 
aerospace, automotive, medical devices, and sports equipment etc. it also represents a typical tension-compression 
asymmetrical mechanical behavior. The material parameters and damage parameters (Allahverdizadeh, 2012) was 
shown Table 1. The coefficients evolution for the Cazacu yield criteria have been obtained from the paper 
(Tuninetti, 2015), and are listed in Table 2. 
Table 1: Material parameters of Ti-6Al-4V. 
Young’s modulus E 
(GPa) 
Poisson’s 
ratio 𝜈𝜈 
Damage parameter 
𝑠𝑠 
Damage parameter 
𝑟𝑟 
𝜎𝜎𝑌𝑌 = 𝐴𝐴 + 𝐵𝐵 [1 − 𝑒𝑒
−𝐶𝐶𝜀𝜀
𝑝𝑝
] 
𝐴𝐴 𝐵𝐵 𝐶𝐶 
110 0.32 1.0 2.52 921.0 160.0 15.48 
Table 2: Coefficients of CPB06 yield function for Ti6Al4V for 5 plastic levels (a=2) 
𝜀𝜀
𝑝𝑝 𝑊𝑊𝑝𝑝 𝑘𝑘 𝐶𝐶11 𝐶𝐶12 𝐶𝐶13 𝐶𝐶22 𝐶𝐶23 𝐶𝐶33 𝐶𝐶44 = 𝐶𝐶55 = 𝐶𝐶66 
0.0015 1.857 -0.136 1.0 -2.373 -2.364 -1.838 1.196 -2.444 -3.607 
0.0076 9.377 -0.136 1.0 -2.495 -2.928 -2.283 1.284 -2.446 4.015 
0.0406 48.66 -0.165 1.0 -2.428 -2.920 1.652 -2.236 1.003 -3.996 
0.0857 100.2 -0.164 1.0 -2.573 -2.875 1.388 -2.385 0.882 -3.926 
0.1821 206.6 -0.180 1.0 -2.973 -2.927 0.534 -2.963 0.436 -3.883 
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4.1. Single element test 
In this example, a uniaxial stress state is applied to a single 8-node brick element (with one integration point). 
The length of the element is 10x10x10 mm3. This example is conducted to demonstrate the ability of the finite 
element formulation to influence of damage parameters (𝑠𝑠, 𝑟𝑟) on the mechanical behaviors. 
  
(a) The influence of damage parameter-index s (b) The influence of damage parameter-r 
Fig.1: Stress-strain mechanical response at different damage parameters. 
Fig.1 shows the stress-strain curve for different damage parameters obtained from the single element tensile test. 
From there, it is obviously seen that with the decreasing index s and increasing r, the damage effect for the material 
degradation gradually decreases. 
4.2. Notched tensile test 
Tensile tests have been extensively used in both experimental and numerical analyses of ductile fracture. This 
example includes a notched rectangular bar specimen under tensile loading. This classical benchmark test is used to 
apply the presented damage model. The notch creates a radius dependent non-uniform stress state, which affects the 
damage deriving mechanisms. The dimensions, finite element mesh and the imposed boundary conditions are given 
in Fig.2. Due to the symmetry of the problem, only one quarter of the domain is considered in the finite element 
simulation. The loading consists of a prescribed monotonically increasing axial displacement of the nodes on the 
end face of the mesh. 
  
(a) Mesh and dimension (b) Three-dimension model 
Fig.2: Stress-strain mechanical response at different damage parameters. 
Two simulations were carried out with different yield function: von Mises and Cazacu model. The damage 
evolution and stress strain response have been shown in Fig.3 (a), and (b) respectively. From Fig.3 (a), it is clear to 
see that the damage evolution with the strain between von Mises and Cazacu yield function almost coincides. That is 
due to that the isotropic damage model was chosen in the current test and damage parameters keep the same, 
however, the stress-strain response demonstrates a large different for different yield function once the material suffer 
plastic deformation. The mechanical response obtained from Cazacu06 coupled continuum damage model shows a 
great agreement with experimental results. 
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(a) Damage evolution. (b) Stress-strain response. 
Fig.3: Comparison of different constitutive models. 
5. Conclusions 
In this paper, a fully coupled elastic-plastic-damage model based on continuum damage theory was described and 
used to model the mechanical behavior of metallic materials with HCP crystal structure. A fully implicit integration 
algorithm based on the Closest Point Projection Method (CPPM) is implemented within an implicit quasi-static 
finite element environment. A comparison between two plasticity models (Mises and Cazacu06) and the Lemaitre 
damage model has been done. From the analyzed test, it concludes that a certain amount of damage is being 
accumulated leading to ductile fracture. The proposed coupled damage model can accurately predict both 
deformation and damage behaviors of material.  
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